Abstract. We prove a vanishing theorem for the p-adic cohomology of exponential sums on A n . In particular, we obtain new classes of exponential sums on A n that have a single nonvanishing p-adic cohomology group. The dimension of this cohomology group equals a sum of Milnor numbers.
Introduction
Let p be a prime number, q = p a , and let F q be the finite field of q elements. Associated to a polynomial f ∈ F q [x 1 , . . . , x n ] and a nontrivial additive character Ψ : F q → C × are exponential sums
and an L-function
One of the basic results on exponential sums is the following theorem of Deligne [3, Théorème 8.4] . Let δ = deg f and write
where f (j) is homogeneous of degree j. Theorem 1.4. Suppose (p, δ) = 1 and f (δ) = 0 defines a smooth hypersurface
n+1 is a polynomial of degree (δ − 1) n , all of whose reciprocal roots have absolute value q n/2 .
For exponential sums on A n , several generalizations of Deligne's result have been proved ( [1] , [2] , [5] , [7] ). In all these theorems, the hypothesis implies that f , regarded as a function from A n to A 1 , has only finitely many critical points and the degree of the polynomial L(A n , f; t) (−1) n+1 equals the sum of the Milnor numbers of those critical points. We examine these critical points more closely. The point of the latter definition is that we can define an increasing filtration F.
on Ω The spectral sequence (1.6) and condition (1.7) imply that (1.5) holds, and (1.9) then implies that M f = (δ − 1) n . Theorem 1.4 of [2] , a slight generalization of Theorem 1.4 above, can then be reformulated as follows. We are interested in determining the extent to which the conclusion of Theorem 1.10 holds when condition (1.7) is replaced by condition (1.11) for some e > 1. In general, some additional hypothesis is needed, as is illustrated by the one-variable example
The purpose of this paper is to prove a result that provides evidence for such a theorem.
Dwork has associated to f a complex (Ω · C(b) , D) of length n depending on a choice of rational parameter b satisfying 0 < b < p/(p − 1) (we review this theory in section 2). Each Ω i C(b) , i = 0, . . . , n, is a p-adic Banach space over a fieldΩ 0 (a finite extension of Q p ) and is equipped with a Frobenius operator α i commuting with the differential D of the complex. Furthermore, 
Remark. It is easily seen that in (1.14) the upper bound for b is greater than the lower bound for b if and only if
i.e., (1.15) is equivalent to the existence of a rational b satisfying (1.14). For example, if e = 2, then this condition requires δ ≥ 2 for odd primes p and δ ≥ 4 for p = 2. In general, for p sufficiently large relative to δ, it becomes simply e ≤ δ. 
n+1 is a polynomial of degree M f .
The main idea in the proof of Theorem 1.13 is to relate the spectral sequence (1.6) to the spectral sequence associated to the filtration by p-divisibility on the
. This is accomplished by Theorem 3.6, which is applied in section 4 to compute the cohomology of (Ω · C(b) , D). We conjecture that the hypothesis of Corollary 1.16 implies that all reciprocal roots of L(A n , f; t)
n+1 have absolute value q n/2 . This would imply, in particular, the estimate
Typically, such results are proved by computing the corresponding l-adic cohomology groups. However, we have been unable to apply our previous method [1] , [2] for calculating l-adic cohomology from p-adic cohomology because we have been unable to compute the p-divisibility of the Frobenius determinant under the hypothesis of Corollary 1.16. It is an interesting problem to find geometric conditions that imply (1.11) for some e > 1, and we plan to return to this question in a future article. As an example, we prove in section 5 the following. Make (1.3) more precise by writing
where f (j) is homogeneous of degree j and 1 ≤ δ ≤ δ − 1, i.e., f (δ ) is the homogeneous part of second-highest degree of f . 
defines a smooth complete intersection of codimension k in P n−1 and, if either k ≥ 2 or k = 1 and a i1 > 1, the system of equations
defines a smooth complete intersection of codimension k + 1 in P n−1 . Suppose also that (p, δδ a 1 · · · a r ) = 1. Then (1.11) holds for e = δ − δ + 1.
Our initial work on this topic was prompted by an l-adic result of García. It led to the following example, whose proof will appear elsewhere. We refer to [7] for the definitions of "weighted homogeneous" isolated singularity and "total degree" of a weighted homogeneous isolated singularity. 
The hypothesis of Theorem 1.19 (for δ = δ −1) first appears in [7] . García shows that it implies that the l-adic cohomology groups associated to the exponential sum (1.1) vanish except in degree n, where the cohomology group is pure of weight n and has dimension M f . Thus the conclusion of Theorem 
p-adic cohomology
In this section we review the basic properties of Dwork's p-adic cohomology theory that we shall need. For a more detailed exposition of this material, we refer the reader to [2] .
Let Q p be the field of p-adic numbers, ζ p a primitive p-th root of unity, and Ω 1 = Q p (ζ p ). The field Ω 1 is a totally ramified extension of Q p of degree p − 1. Let K be the unramified extension of Q p of degree a.
Let Ω be the completion of an algebraic closure of Ω 0 . Denote by "ord" the additive valuation on Ω normalized by ord p = 1 and by "ord q " the additive valuation normalized by ord= 1.
Let E(t) be the Artin-Hasse exponential series:
The series θ(t) is a splitting function [6, section 4a] whose coefficients satisfy
We consider the following spaces of p-adic functions. 
Given c ∈ R, we put − 1) ). Define an operator ψ on formal power series by
Then α is a completely continuousΩ 0 -linear endomorphism of C(b). We shall also need to consider
where (2.10)
The significance of the normalizing factor π Mb(δ−1) γ −1 will be explained below.
where
We extend the mapping α to a mapping
defined by linearity and the formula
Equation (2.11) implies that α · is a map of complexes. The Dwork trace formula, as formulated by Robba [11] , then gives
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This implies (using [13, Proposition 9]) (2.14)
where we denote the induced map on cohomology by α k also.
where OΩ 0 denotes the ring of integers ofΩ 0 . (In our earlier notation,
This filtration is exhaustive and separated, i.e.,
The notationÊ r,s t
does not express the dependence of this spectral sequence on the choice of b; however, this should not cause confusion. We shall prove Theorem 1.13 by analyzing this spectral sequence.
For notational convenience we define an "exterior derivative
. It is characterised byΩ 0 -linearity and the formula
Although we use the same symbol "d" for the exterior derivative on both Ω · C(b) and Ω · Fq[x]/Fq , its meaning will be clear from the context.
Relation between the spectral sequences E r,s t andÊ r,s t
We begin with some general remarks on the filtrationF · and the associated spectral sequenceÊ r,s t . Consider the operator D i defined in (2.9). The terms
The upper bound on b given by (1.14) guarantees that the terms of degree
Mb(e−1)+1 C(b). The lower bound on b given by (1.14) guarantees that
Note that
We recall the definition ofÊ 
means that for i = 0, 1, . . . , e − 1,
For such a φ, we define its normalized Teichmüller liftingφ 
From the definition ofφ, it follows that each term
It follows from (3.4) that each term x v dx i1 ∧· · ·∧dx im+1 appearing in this expression has coefficient in π Mb(l+δ−1) pO K (K is an unramified extension of Q p ). Equation (3.5) is a consequence of the following remark.
Remark. We observe that (1.14) implies ord p π
Mb(e−1) < 1. 
have the property that for each r ∈ Z, the classes {[π 
Since π rF 0 =F r , we may reduce to the case r = 0 by multiplication by π −r . So
In view of (3.2), (3.7) is equivalent to the condition (3.9)
and (3.8) is equivalent to the condition 
where ω
is an m-form whose coefficients are homogeneous polynomials of degree k with coefficients in O K . Substituting (3.12) into (3.11) and then substituting the result into (3.9) gives (3.13)
We now fix k and consider the terms in this expression whose coefficients are homogeneous polynomials of degree k. We get
Cancel a factor of π Mbk and group terms in the sum according to the power of π they contain: (3.14) 
Proof. Suppose that we have proved the congruence for all u < u 0 for some 
Dividing by π u0 , we conclude immediately that j,l : Mbj+l=u0
We 
and letω k ∈ Ω 
The definition of the φ i implies that there exist {c i } i∈I (k) ⊆ F q and {ξ 
and (3.18) implies
By the definition of C(b), there exists a positive integer
, a finite subset of I. Put
for i = 1, 2, . . . , e. Then (3.11), (3.19) , and the observation that
Also, since p is divisible by π Mb(e−1)+1 , (3.20) implies
With this choice of ξ, the right-hand side of (3.10) becomes
When (3.24) is expanded, the wedge product of a pair of terms with i > j lies in
For k = 1, . . . , e−1, the corresponding summand of (3.25) lies inF
But this is ≡ ω (modF 
We now fix k and consider the terms with coefficients of degree k in this equa- 
Proof. The first congruence is proved by induction on u exactly as in Lemma 3.15, using the fact that the left-hand side of (3. 
from which the second congruence follows after cancelling π Mb(e−1) .
Writing u = M bJ + L with 0 ≤ J < e − 1 and 0 ≤ L < Mb and replacing k by k + e − J − 1, we can reformulate Lemma 3.32 as the following. 
Letc i ∈ F q be the reduction mod π of c i and letξ
be the reduction
. Taking L = 0 in Corollary 3.33 shows that
Mb(e−1−j) + (terms of degree < k)
and that for J = 0, 1, . . . , e − 2,
, where r = k + (n − m)(δ − 1). Since {φ i } i∈I (k) is a basis for E r,m−r e , we conclude thatc i = 0 for all i ∈ I (k) . Since k was arbitrary, this shows that c i ≡ 0 (mod π) for all i. This completes the proof of Theorem 3.6.
Computation of p-adic cohomology
We derive some corollaries to Theorem 3.6. such that
Suppose that for some t ≥ 0 we have found 
This establishes the corollary. 
Suppose that for some t ≥ 0 we have found
and such that
Applying Theorem 3.6 to ω t , we see that there exist
such that (4.10)
i . Substituting (4.10) into (4.9) gives
converges to an element c i ∈ OΩ
. Suppose we had a relation By Proposition 4.13 with m = n, we can apply Corollary 4.6 to conclude that
Proof of Theorem 1.18
In this section we will always be working in the case of characteristic p. In particular, the notation "f i " means not the Teichmüller lifting of f i but rather that the factor f i is to be omitted from a product of similar factors. Throughout this section, we assume the hypothesis of Theorem 1.18. Put
We leave it to the reader to check from the definition of the spectral sequence (1.6) that the conclusion of Theorem 1.18 is equivalent to the following assertion.
Proposition 5.1. Let k < n and let ω ∈ Z k be a homogeneous form such that
Before starting the proof, we observe that Kita [9] has, in effect, characterized the elements of Z k . For notational convenience, we define a 1-form Θ ∈ Ω
and for any l-tuple
a rational l-form with logarithmic poles along the divisor
Proposition 5.4. Let k < n and let ω ∈ Z k be homogeneous. Then
Proof. The Euler relation and the hypothesis (p, δ) = 1 imply that f (δ) lies in the ideal generated by the ∂f 
or, equivalently, 
This implies that
Then there exist homogeneous (m − 1)-forms β j for j = 0, 1, . . . , l and β j for j = 1, . . . , l such that
Proof. Consider the expansion of df By the theorem of [12] , it suffices to show that the coefficients in this expansion generate an ideal I of depth n − l in the quotient ring F q [x]/(f i1 , . . . , f i l ), i.e., the only maximal ideal containing I is the one generated by x 1 , . . . , x n . Suppose there were some other maximal ideal m containing I. Then m would correspond to a point in A n , other than the origin, which is a common zero of f i1 , . . . , f i l and at which there is a linear relation between the differentials df 
where all α i1···i l are divisible by f s .
Observe that Proposition b r by a s , . . . , a r , respectively, in (5.12), giving the following.
Proof of Lemma 5.11. Put
We show there existsη ∈ Z k−1 such that
where all α i1···i l are divisible by f s . Lemma 5.11 follows from (5.15) by multiplication by f
We prove the existence ofη by descending induction on l. Since α i1···i l = 0 for l > k − 1, we may assume that for some m, 0 ≤ m ≤ k − 1, we have that α i1···i l is divisible by f s for all l ≥ m + 1. We show that we can chooseη so that the α i1···i l are divisible by f s for all l ≥ m.
. . , i m }, say, i t < s < i t+1 . Expand the right-hand side of (5.14) using the definitions of Θ and Ω i1···i l . The
Using the induction hypothesis that α i1···i l is divisible by f s for all l ≥ m + 1, one sees that the term containing any other product df i1 ∧ · · · ∧ df i l (for l ≥ 0) on the right-hand side of (5.14) lies in the ideal (f s , f i1 , . . . , f im ). Equation (5.16) then implies
Since ω is a k-form with k ≤ n − 1, we may assume m ≤ n − 2. The smooth complete intersection hypothesis implies that for j ∈ {s,
It now follows by Lemma 5.9 (since b s < a s implies a s > 1) that there exist homogeneous forms γ
Such a formula holds for every m-tuple i 1 , . . . , i m not containing s. Substitute these expressions into
and expand. After this substitution, only alphas indexed by m-tuples containing s remain. We leave it to the reader to check that for such an m-tuple, say, 
Thus after substitution from (5.20), expression (5.21) simplifies to
.
We thus take 
Note that we may start the outer sum at l = 1 rather than at l = 0. We prove by induction on s that for 0 ≤ s ≤ r we can find η 1 ∈ Z k−1 and η 2 ∈ Ω 
